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1. Rationalizable strategies in a vector-valued game G = {(A", u/);en}

« Set of players: N = {1,...,n}.
« Sets of strategies: A’. A = x;cyA".
« Strategy for player i: o' € A'. Strategy profile: a € A.

* Vector-valued utility function for player i: u' : A — Ri, u' = (g, ul),
J={1,..,s'}
a' € Byi(a™), with X* C A', if there is no &' € X' such that v'(a',a™") > u'(a’,a™).
a' € Byi(a™), if there is no a' € X" such that u'(a’,a™") > u'(a’,a™).
Definition 1.
a)adis rationalizable ifa' € RI(G) = ﬁf‘;ﬂ’le‘( ), where R((G) = A’ and for all & > 1,
Ri(G) = {a' € R|,_,(G) : there exists a™* € x;4R;_,(G) such that a’ € BRH(H,“)}.

b) o’ is weak rationalizable if o' € RI(G) = N2, Ri(G), where Q(L(C) = A’ and for
all k > 1, RiG) = {d' € ’R _1(G) : there exists a™" € x;,R;_,(G) such that
a' € BRk—1<(L_/)}. »
a € Ais rationalizable (weak rationalizable) if for all i € N, o' € R'(G) (a' € RY(G)).
(G) (R(G) ) set of rationalizable (weak rationalizable) strategy profiles for G.
Lemma 1. a) For a™ € x;./R;(G), if o’ € B, (a™) then o € Byi(a™).
b) For a™ € x;./Ri(G), if ' € Bﬁ, (a™") then a’ € B i(a™).

JF

Ri(G) = {a' € R;_,(G) : there exists a™" € x;+R;_,(G) /a’ € Byi(a™")}.

2. Rationalizable strategies in a weighted maxmin game G = {(A", w' );en}

+ Value function for the strategy profile a € A, ! (a) = min, {“ f’”}
! J
* 7;: parameter of importance that player i assigns to the j-th component of her util-

J

ity function. If ¢ = 0 for some j € J, then “2~ is not computed. ' = (W) jeris

7= (71")ien-
Let R\(G") = A" and for k > 1, R, (G") = {a' € R} _,(G")

Xzl 1(G7) with w! (a',a™) > w!,(@',a™) for all &' € R}, (G7)}.
a € A'is rationalizable in G if o € R ((‘ ') where R'(G7) = M2 R;.(G").

: there exists a™' €

R(G") = x;enR'(G") set of rationalizable profiles for G.

Proposition 1. RI(G) CU{R(G") : v € A} C RY(G).

Proposition 2. If A” is a non-empty convex subset of a finite dimensional space and '
is strictly concave in o, then for all i € N

RI(G) = U{R(G") : v € A} = RI(Q).

3. Equilibria and rationalizability

Definition 2. a) a* is an equilibrium for G if for all i € N, a*' € Byi(a*™).
b) a* is a weak equilibrium for G if forall i € N, a™ € Byi(a™™").
E(G) (£(@)) set of equilibria (weak equilibria) of G
Proposition 3. £(G) C U{E(G") : q e A} C £(G)
As a consequence £(G) C LJ{E iy e A} CU{R(G)
Proposition 4. £'(G) C R'(G), ) C RI(Q).
And £(G) C R(G), £(G) C R(G ) The inclusions can be strict.

.y € A} CR(G)

4. A game with vector-valued utilities and finite strategy sets

Payoffs b by by by bs bs

a 3, (1,3) 3,23 032 0 (41) 1,40 2, (5,0
as 0, (1,3) 0, (23) 3,82 3, (41) 1,40 2, (50
az 2, (1,3) 1, (23 1,32 2 (41) 0, (40 0, (50

Sets of rationalizable and weak rationalizable strategies for the vector-valued game G
RYNG) = {ar, a2}, R*(G) = {by, b, by, b}, RY(G) = {a1, a2}, R*G
Sets of rationalizable strategies for the weighted maxmin games G”

{bi,bo} if a<

{b} if t<a

(SIS

1
1
<
{a1} if “’<% {ba, b3} if ”:%
RYG") = {as} if i<a<l |, RA(G) =< {bs} if j<a<3
{ar, a0} if a=3ora=1 {b3,bs} if =3
{bs} if <a<1
{bg} if a=1
b € U{RX(G") : v € A} \ R¥(G). and bs € R*(G) \ U{R%(G") : 7 € A}.

) = {b1, b2, b3, b, bs, b }-

12@90
&

UNIVERSIDADE B

COIMBRA

INESC

st d Eogubero d Skiemcn

Sets of equilibria and weak equilibria of G
E(G) = {(a1, b), (az, bs), (a2, ba), (a1, b), (a2, b)}, E(G)
The union of the sets of equilibria of G7
ULE(G") 1 v € A} = {(a1,b1), (a1, b), (a2, b3), (a2, ba), (a1, bo), (a2, bo) }-
The union of the sets of rationalizable strategies of G”
ULR(G?) - v € A} = {(a1, b1), (a1, b2), (a1, b3), (az, ba), (fl%b )< (a2, bs), (a1, be), (az, bo)}-

There is no inclusion relation between R(G) and U{E(G") : v € A}, since (a;,b;) €
U{E(G") : v € A}Y\ R(G) and (a1, bs) € R(G) \ U{E(G") : EA}.

Note that (a1, b3) is composed by rationalizable strategles, and therefore by weak ratio-
nalizable strategies, but it is neither an equilibrium nor a weak equilibrium of G.

= E&(G) U {(a1, br), (a1, bs), (a2, bs) }

5. A game with vector-valued utilities and infinite strategy sets

Two individuals have access to a finite common-pool resource with ¢’ the units for
player i. Benefit of player i: wi(qh, ) = Hldx{q (1—(¢* +¢%),0}.

Same vector-valued utility function u : A — R% , u = (uy, uq) where A" = [0,1],
A=A x A%. Game G = {(A", u);—12}.

Equilibria and weak equilibria sets

£<G>:{< Procdsttpocpclo éql}u{%o), <oé>}

£©)

&

Figure 1: Best responses of player 1 and equilibria of G.

For weighted maxmin games, 7' = (a!,1 —a!) and 7% = (a?, 1 — o?), with o, a? € [0, 1].
Thus, if ¢' + ¢> < 1 the payoff of player i in G7 is

T—(g'+ ) 1—(d'+q?
11:;((117(12) = min {q‘ (g +q ),r]'/ (@ +q) .

ot 1—ao

Otherwise, the payoff is null.

Maxmin best response function. !
For o’ =0, ri(¢’) = rj(¢’) @
Fora' =1, ri(¢’) = ri(¢’)-

For ' € (0,1), when ¢/ = 0, r.(¢/) = [0,1].
In other case,

o)

S 1;:1 —
(@) = - —¢/ if 0<¢ <355 1 = . R
[0 1 if ¢ —0 Figure 2: Rationalizable strategies and
weak equilibria of G.

RUG)

[nf] RI(G) C U{R(GY) : 7 € A} = RIG) = [0, 1],

RHGY)

Figure 3: Maxmin best responses and rationalizable strategies of G".

Any rationalizable strategy for a player is part of at least an equilibrium for G, but there
are weak rationalizable strategies which are not part of a weak equilibrium.
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